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A graphG admits anH-covering if every edge in E(G) belongs to a subgraph ofG isomorphic
toH . SupposeG admits anH-covering. A bijection f from V (G)∪E(G) to {1, 2, . . . , |V (G)|+
|E(G)|} is called an H-magic labeling of G if v∈V (H ′) f (v) + e∈E(H ′) f (e) is constant
for every subgraph H ′ of G isomorphic to H . An H-magic labeling f of G is called an
H-supermagic labeling of G if f (V (G)) = {1, 2, . . . , |V (G)|}. In this paper, we investigate
C4-supermagic labelings of the Cartesian product of paths and graphs.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
We consider finite undirected graphs without loops or multiple edges. Let V (G) and E(G) denote the vertex set and the
edge set of a graph G, respectively. A graphwith p vertices and q edges is called a (p, q)-graph.We denote the path, the cycle,
the complete, and the star graph on n vertices by Pn, Cn, Kn, and K1,n−1, respectively. Let Km,n denote the complete bipartite
graph on m + n vertices partitioned into an m-stable set and an n-stable set. We denote the complement graph of a graph
G by G.
An edge-covering of a graph G is a family of subgraphs H1,H2, . . . ,Hk of G such that each edge of G belongs to at least one
of the subgraphs Hi, 1 ≤ i ≤ k. Then it is said that G admits an (H1,H2, . . . ,Hk)-(edge)covering. If every Hi is isomorphic to a
given graphH , thenwe say thatG admits anH-covering. Suppose that G admits anH-covering. A bijection f from V (G)∪E(G)
to {1, 2, . . . , |V (G)| + |E(G)|} is called an H-magic labeling of G if there exists a constant m(f ), called the magic sum, such
that for every subgraph H ′ of G isomorphic to H,

v∈V (H ′) f (v)+

e∈E(H ′) f (e) = m(f ). An H-magic labeling f of G is called
an H-supermagic labeling of G if f (V (G)) = {1, 2, . . . , |V (G)|} and f (E(G)) = {|V (G)| + 1, |V (G)| + 2, . . . , |V (G)| + |E(G)|}.
The magic sum of an H-supermagic labeling f of G is called the supermagic sum and we denote it by s(f ). A graph G which
admits an H-covering is called H-magic (resp. H-supermagic) if there exists an H-magic (resp. H-supermagic) labeling of G.
In Fig. 1, we show an example of a C4-supermagic labeling of P3 × C4 with supermagic sum 116.
The notion ofH-magic was introduced by Gutiérrez and Lladó [5]. They proved that: the star graph K1,n and the complete
bipartite graph Km,n are K1,h-supermagic for some h; the path Pn and the cycle Cn are Ph-supermagic for some h. Lladó
and Moragas [8] studied cycle-magic graphs. They proved that the wheel Wn, the windmill W (r, k), the subdivided wheel
Wn(r, k), and the graph obtained by joining two end vertices of any number of internally disjoint paths of length p ≥ 2 are
Ch-supermagic for some h. Maryati et al. [9] studied some Ph-supermagic trees. They proved that shrubs, balanced
subdivision of shrubs, and banana trees are Ph-supermagic for some h. Ngurah et al. [10] studied cycle-supermagic labelings
of chain graphs with cycles, fans, triangle ladders, and graphs obtained by joining a star K1,n with one isolated vertex. For
further information, see the survey of Gallian [4].
When H = K2, an H-magic graph and an H-supermagic graph are called an edge-magic graph and a super edge-magic
graph, respectively. Many graphs have been shown to be (super) edge-magic graphs; see [4].
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Fig. 1. A C4-supermagic labeling of P3 × C4 .
In this paper, we investigate C4-supermagic labelings of the Cartesian product of paths and graphs. The Cartesian product
of two graphs G andH , written as G×H , is the graphwhose vertex set is V (G)×V (H)with two vertices (u1, v1) and (u2, v2)
adjacent if and only if either u1u2 ∈ E(G) and v1 = v2 or u1 = u2 and v1v2 ∈ E(H). We remark that for two graphs G
and H with the minimum degree at least one, the Cartesian product G × H admits a C4-covering. There are some results
on C4-supermagic labelings of the Cartesian product of two graphs. For instance, Ngurah et al. [10] proved that the book
Bn = K1,n × K2(n ≥ 2) and the grid Pm × Pn (m ≥ 2 and 2 ≤ n ≤ 5) are C4-supermagic. A graph G is said to be C4-free if G
does not contain C4 as a subgraph. Lladó and Moragas [8] proved that if G is a C4-free super edge-magic graph of odd size,
then the graph G× K2 is C4-supermagic.
This paper consists of four sections. In Section 2, we show preliminary lemmas to get our results. In Section 3, we prove
that the Cartesian product of paths and C4-free super edge-magic graphs satisfying certain conditions are C4-supermagic. In
Section 4, we show that the Cartesian product of paths and some special classes of graphs such as caterpillars, cycles, and
the disjoint union of two copies of a caterpillar are C4-supermagic.
2. Preliminary results
We use the following notations. For two integers n and m with n < m, let [n,m] denote the set of all consecutive
integers from n to m. For a subset X of the set of all integers, we define

X = x∈X x. Let P = {X1, X2, . . . , Xk}
be a partition of a set X of integers. We denote the set of subset sums of P by

P =  X1, X2, . . . , Xk. If
|X1| = |X2| = · · · = |Xk|, then P is said to be a k-equipartition of X . We say that k-equipartition P = {X1, X2, . . . , Xk}
of a set of integers X = {xi : 1 ≤ i ≤ hk and x1 < x2 < · · · < xhk} is well-distributed if for each 0 ≤ j ≤ h − 1, the
elements xjk+1, xjk+2, . . . , x(j+1)k belong to distinct parts of P . For instance, P1 = {{1, 5}, {2, 6}, {3, 4}} is a well-distributed
3-equipartition of X = [1, 6] while P2 = {{1, 2}, {3, 4}, {5, 6}} is not. For a graph G and a bijection f from V (G) ∪ E(G) to
{1, 2, . . . , |V (G)| + |E(G)|}, we define f (G) = f (V (G))+ f (E(G)).
Lemma 1. If k is odd, then there exists a well-distributed k-equipartition P of [1, 2k] such that  P is a set of consecutive
integers.
Proof. Let
Xi =


i, k+ k+ 1
2
+ i− 1

if 1 ≤ i ≤ k+ 1
2
,
i,
k− 1
2
+ i

if
k+ 1
2
+ 1 ≤ i ≤ k.
Then P = {X1, X2, . . . , Xk} is a well-distributed k-equipartition of [1, 2k] and P = k+ k+12 + 1, 2k+ k+12 . 
Let V (Pm) = {v1, v2, . . . , vm} and E(Pm) = {vkvk+1 : 1 ≤ k ≤ m− 1}. For each vertex x of a graph G and 1 ≤ l ≤ m, let
x(l) ∈ V (Pm × G) denote the corresponding vertex in the lth copy of G, i.e., let x(l) = (vl, x). Note that x(k)x(k+1) ∈ E(Pm × G)
for x ∈ V (G) and 1 ≤ k ≤ m− 1. The following lemma is useful for obtaining our results.
Lemma 2. Let G be a C4-free (p, q)-graph with the minimum degree at least one. Let E(G) = {ei : i = 1, 2, . . . , q}. Suppose
there exist a bijection f from V (G) to {1, 2, . . . , p} and a well-distributed q-equipartition {{si, ti} : si < ti and 1 ≤ i ≤ q} of
[1, 2q] such that for every edge ei = xiyi of G, f (xi)+ f (yi)+ si + ti = c is constant. Let m ≥ 2 be an integer. If either m = 2
or |p− q| ≤ 2, then Pm × G is C4-supermagic.
Proof. For 1 ≤ k ≤ m− 1 and 1 ≤ i ≤ q, let
X (k)i =

mp+

m− 2

k
2

− 1

q+ si, mp+

m− 2

k
2

q+ ti − q

.
We remark that
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•
X (k1)i1 ∩ X (k2)i2  = 0 if i1 ≠ i2 or |k1 − k2| ≥ 2,1 if i1 = i2 and |k1 − k2| = 1,
• m−1k=1 qi=1 X (k)i = [mp+ 1,mp+mq], and
•  X (k)i = 2mp+ 2(m− k− 1)q+ si + ti for 1 ≤ k ≤ m− 1 and 1 ≤ i ≤ q.
For 1 ≤ k ≤ m− 1 and 1 ≤ j ≤ p, we define subsets Y (k)j of [1,mp] ∪ [mp+mq+ 1, (2m− 1)p+mq] as follows:
Y (k)j =


2

k
2

p+ j, 2

k
2

p− j+ 1, (2m− k− 1)p+mq+ j

ifm = 2 or q = p,
(j− 1)m+
m
2

−

k− 1
2

, (p− j)m+m−

k− 1
2

, (m+ k− 1)p+mq+ j

if q = p− 1,
(j− 1)m+

k+ 1
2

, (p− j)m+
m
2

+

k+ 1
2

, (m+ k− 1)p+mq+ j

if q = p+ 1,
(j− 1)m+m− 2

k
2

, (p− j)m+m− 2

k
2

+ 1, (m+ k− 1)p+mq+ j

if q = p− 2,
(j− 1)m+ 2

k
2

+ 1, (p− j)m+ 2

k
2

, (m+ k− 1)p+mq+ j

if q = p+ 2.
Then we can verify that
•
Y (k1)j1 ∩ Y (k2)j2  = 0 if j1 ≠ j2 or |k1 − k2| ≥ 2,1 if j1 = j2 and |k1 − k2| = 1,
• Y (k1)j1 ∩ Y
(k2)
j2
⊂ [1,mp] for 1 ≤ k1, k2 ≤ m− 1 and 1 ≤ j1, j2 ≤ pwith (k1, j1) ≠ (k2, j2),
• m−1k=1 pj=1 Y (k)j = [1,mp] ∪ [mp+mq+ 1, (2m− 1)p+mq], and
•  Y (k)j =

(2m+ k− 1)p+mq+ j+ 1 ifm = 2 or q = p,
(2m+ k− 1)p+mq+
m
2

− k+ j+ 1 if q = p− 1,
(2m+ k− 1)p+mq−
m
2

+ k+ j+ 1 if q = p+ 1,
(2m+ k− 1)p+mq+m− 2k+ j+ 1 if q = p− 2,
(2m+ k− 1)p+mq−m+ 2k+ j+ 1 if q = p+ 2
for 1 ≤ k ≤ m− 1 and 1 ≤ j ≤ p.
We consider a bijection g from V (Pm × G) ∪ E(Pm × G) to [1, (2m− 1)p+mq] satisfying that
• g({x(k)i y(k)i , x(k+1)i y(k+1)i }) = X (k)i for ei = xiyi ∈ E(G), 1 ≤ i ≤ q and 1 ≤ k ≤ m− 1, and
• g({x(k), x(k+1), x(k)x(k+1)}) = Y (k)f (x) with 1 ≤ g(x(k)), g(x(k+1)) ≤ mp for x ∈ V (G) and 1 ≤ k ≤ m− 1.
Note that g(V (Pm × G)) = [1,mp] and g(E(Pm × G)) = [mp + 1, (2m − 1)p + mq]. By G is C4-free, every 4-cycle H of
Pm × G has the form
V (H) ∪ E(H) = {x(k)i y(k)i , x(k+1)i y(k+1)i } ∪ {x(k)i , x(k+1)i , x(k)i x(k+1)i } ∪ {y(k)i , y(k+1)i , y(k)i y(k+1)i },
where ei = xiyi ∈ E(G), 1 ≤ i ≤ q and 1 ≤ k ≤ m− 1. Let us show that g(H) is constant for every 4-cycle H of Pm × G.
g(H) =

g({x(k)i y(k)i , x(k+1)i y(k+1)i })+

g({x(k)i , x(k+1)i , x(k)i x(k+1)i })+

g({y(k)i , y(k+1)i , y(k)i y(k+1)i })
=

X (k)i +

Y (k)f (xi) +

Y (k)f (yi)
= 2mp+ 2(m− k− 1)q+ si + ti
+

2(2m+ k− 1)p+ 2mq+ f (xi)+ f (yi)+ 2 ifm = 2 or q = p,
2(2m+ k− 1)p+ 2mq+ 2
m
2

− 2k+ f (xi)+ f (yi)+ 2 if q = p− 1,
2(2m+ k− 1)p+ 2mq− 2
m
2

+ 2k+ f (xi)+ f (yi)+ 2 if q = p+ 1,
2(2m+ k− 1)p+ 2mq+ 2m− 4k+ f (xi)+ f (yi)+ 2 if q = p− 2,
2(2m+ k− 1)p+ 2mq− 2m+ 4k+ f (xi)+ f (yi)+ 2 if q = p+ 2
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=

2(3m+ k− 1)p+ 2(2m− k− 1)q+ c + 2 ifm = 2 or q = p,
2(3m+ k− 1)p+ 2(2m− k− 1)q+ 2
m
2

− 2k+ c + 2 if q = p− 1,
2(3m+ k− 1)p+ 2(2m− k− 1)q− 2
m
2

+ 2k+ c + 2 if q = p+ 1,
2(3m+ k− 1)p+ 2(2m− k− 1)q+ 2m− 4k+ c + 2 if q = p− 2,
2(3m+ k− 1)p+ 2(2m− k− 1)q− 2m+ 4k+ c + 2 if q = p+ 2
=

12p+ 4q+ c + 2 ifm = 2,
2(5m− 2)p+ c + 2 if q = p,
2(5m− 2)p− 2m− 2
m
2

+ c + 4 if q = p− 1,
2(5m− 2)p+ 2m+ 2
m
2

+ c if q = p+ 1,
2(5m− 2)p− 6m+ c + 6 if q = p− 2,
2(5m− 2)p+ 6m+ c − 2 if q = p+ 2,
which are independent of i and k. Therefore g is a C4-supermagic labeling of Pm × Gwhenm = 2 or |p− q| ≤ 2. 
3. Cartesian product of paths and C4-free super edge-magic graphs
We get the following results.
Theorem 1. Let G be a C4-free super edge-magic (p, q)-graph with the minimum degree at least one. Let m ≥ 2 be an integer.
(i) Suppose q is odd. If either m = 2 or |p− q| ≤ 2, then Pm × G is C4-supermagic.
(ii) Suppose p is odd. If either m = 2 or (|p− q| = 1 and m ≤ 5), then Pm × G is C4-supermagic.
Proof. First we show Theorem 1(i). By G is a super edge-magic (p, q)-graph, there exists a bijection f from V (G) to
{1, 2, . . . , p} such that S = {f (u) + f (v) : uv ∈ E(G)} consists of q consecutive integers [2]. Let a = min(S) and let
E(G) = {ei : i = 1, 2, . . . , q}. Without loss of generality, we may assume that for every edge ei = xiyi of G, f (xi)+ f (yi) =
a + i − 1. From Lemma 1 with q is odd, there is a well-distributed q-equipartition T = {{si, ti} : i = 1, 2, . . . , q} of [1, 2q]
such that

T is a set of consecutive integers. Let b = max1≤i≤q(si + ti). Without loss of generality, we may assume that
si + ti = b− i+ 1 for i = 1, 2, . . . , q. Then f (xi)+ f (yi)+ si + ti = a+ b is constant for every edge ei = xiyi of G. Therefore
by Lemma 2, we obtain Theorem 1(i).
Next we prove Theorem 1(ii). For 1 ≤ k ≤ m− 1 and 1 ≤ i ≤ q, let
X (k)i = {mp+ (m− k− 1)q+ i, mp+ (m− k)q+ i}.
Note that
•
X (k1)i1 ∩ X (k2)i2  = 0 if i1 ≠ i2 or |k1 − k2| ≥ 2,1 if i1 = i2 and |k1 − k2| = 1,
• m−1k=1 qi=1 X (k)i = [mp+ 1,mp+mq], and
•  X (k)i = 2mp+ (2m− 2k− 1)q+ 2i for 1 ≤ k ≤ m− 1 and 1 ≤ i ≤ q.
For 1 ≤ k ≤ m− 1 and 1 ≤ j ≤ p, we define subsets Y (k)j of [1,mp] ∪ [mp+mq+ 1, (2m− 1)p+mq] as follows.
• The case ofm = 2:
Y (1)j =


p+ 1
2
− j, p+ 2j, 2p+ 2q+ j

if 1 ≤ j ≤ p− 1
2
,
3p+ 1
2
− j, 2j, 2p+ 2q+ j

if
p+ 1
2
≤ j ≤ p.
• The case ofm = 3: for k = 1, 2 and 1 ≤ j ≤ p,
Y (k)j =
{j, (k+ 1)p− j+ 1, 3p+ 3q− k+ 2j+ 1} if q = p− 1,
{j, (k+ 1)p− j+ 1, 3p+ 3q+ k+ 2j− 2} if q = p+ 1.
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• The case ofm = 4: for k = 1, 2, 3,
Y (k)j =


1+

k− 1
2

p− 2j+ 1,

2+

k− 1
2

p+ p+ 1
2
+ j, 4p+ 4q− k+ 3j+ 1

if q = p− 1 and 1 ≤ j ≤ p− 1
2
,
2+

k− 1
2

p− 2j+ 1,

1+

k− 1
2

p+ p+ 1
2
+ j, 4p+ 4q− k+ 3j+ 1

if q = p− 1 and p+ 1
2
≤ j ≤ p,
1+

k− 1
2

p− 2j+ 1,

2+

k− 1
2

p+ p+ 1
2
+ j, 4p+ 4q+ k+ 3j− 3

if q = p+ 1 and 1 ≤ j ≤ p− 1
2
,
2+

k− 1
2

p− 2j+ 1,

1+

k− 1
2

p+ p+ 1
2
+ j, 4p+ 4q+ k+ 3j− 3

if q = p+ 1 and p+ 1
2
≤ j ≤ p.
• The case ofm = 5: for k = 1, 2, 3, 4 and 1 ≤ j ≤ p,
Y (k)j =


k
2

p− j+ 1,

3+

k
2

p− j+ 1, 5p+ 5q− k+ 4j+ 1

if q = p− 1,
k
2

p− j+ 1,

3+

k
2

p− j+ 1, 5p+ 5q+ k+ 4j− 4

if q = p+ 1.
Then we can check that
•
Y (k1)j1 ∩ Y (k2)j2  = 0 if j1 ≠ j2 or |k1 − k2| ≥ 2,1 if j1 = j2 and |k1 − k2| = 1,
• Y (k1)j1 ∩ Y
(k2)
j2
⊂ [1,mp] for 1 ≤ k1, k2 ≤ m− 1 and 1 ≤ j1, j2 ≤ pwith (j1, k1) ≠ (j2, k2),
• m−1k=1 pj=1 Y (k)j = [1,mp] ∪ [mp+mq+ 1, (2m− 1)p+mq], and
•  Y (k)j =

3p+ p+ 1
2
+ 2q+ 2j ifm = 2,
(k+ 4)p+ 3q− k+ 2j+ 2 ifm = 3 and q = p− 1,
(k+ 4)p+ 3q+ k+ 2j− 1 ifm = 3 and q = p+ 1,
(k+ 6)p+ p+ 1
2
+ 4q− k+ 2j+ 2 ifm = 4 and q = p− 1,
(k+ 6)p+ p+ 1
2
+ 4q+ k+ 2j− 2 ifm = 4 and q = p+ 1,
(k+ 8)p+ 5q− k+ 2j+ 3 ifm = 5 and q = p− 1,
(k+ 8)p+ 5q+ k+ 2j− 2 ifm = 5 and q = p+ 1
for 1 ≤ k ≤ m− 1 and 1 ≤ j ≤ p.
Let f be a super edge-magic labeling of Gwith supermagic sum s(f ). Then we have f (x)+ f (y)+ f (xy) = s(f ) for every
edge xy ∈ E(G). We consider a bijection g from V (Pm × G) ∪ E(Pm × G) to [1, (2m− 1)p+mq] satisfying that
• g({x(k)y(k), x(k+1)y(k+1)}) = X (k)f (xy)−p for xy ∈ E(G) and 1 ≤ k ≤ m− 1, and
• g({x(k), x(k+1), x(k)x(k+1)}) = Y (k)f (x) with 1 ≤ g(x(k)), g(x(k+1)) ≤ mp for x ∈ V (G) and 1 ≤ k ≤ m− 1.
We remark that g(V (Pm×G)) = [1,mp] and g(E(Pm×G)) = [mp+1, (2m−1)p+mq]. Since G is C4-free, every 4-cycle
H of Pm × G has the form
V (H) ∪ E(H) = {x(k)y(k), x(k+1)y(k+1)} ∪ {x(k), x(k+1), x(k)x(k+1)} ∪ {y(k), y(k+1), y(k)y(k+1)},
where x, y ∈ V (G) with xy ∈ E(G) and 1 ≤ k ≤ m− 1. Let us show that g(H) is constant for every 4-cycle H of Pm × G.
We divide our proof into four cases depending upon the value ofm.
Case 1:m = 2.
g(H) =

X (1)f (xy)−p +

Y (1)f (x) +

Y (1)f (y)
= (4p+ q+ 2(f (xy)− p))+

3p+ p+ 1
2
+ 2q+ 2f (x)

+

3p+ p+ 1
2
+ 2q+ 2f (y)

= 9p+ 5q+ 2(f (x)+ f (y)+ f (xy))+ 1
= 9p+ 5q+ 2s(f )+ 1.
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Case 2:m = 3.
g(H) =

X (k)f (xy)−p +

Y (k)f (x) +

Y (k)f (y)
= 6p+ (5− 2k)q+ 2(f (xy)− p)+

2(k+ 4)p+ 6q− 2k+ 2f (x)+ 2f (y)+ 4 if q = p− 1,
2(k+ 4)p+ 6q+ 2k+ 2f (x)+ 2f (y)− 2 if q = p+ 1
=

(2k+ 12)p+ (11− 2k)q− 2k+ 2s(f )+ 4 if q = p− 1,
(2k+ 12)p+ (11− 2k)q+ 2k+ 2s(f )− 2 if q = p+ 1
=

23p+ 2s(f )− 7 if q = p− 1,
23p+ 2s(f )+ 9 if q = p+ 1.
Case 3:m = 4.
g(H) =

X (k)f (xy)−p +

Y (k)f (x) +

Y (k)f (y)
= 8p+ (7− 2k)q+ 2(f (xy)− p)
+

2(k+ 6)p+ (p+ 1)+ 8q− 2k+ 2f (x)+ 2f (y)+ 4 if q = p− 1,
2(k+ 6)p+ (p+ 1)+ 8q+ 2k+ 2f (x)+ 2f (y)− 4 if q = p+ 1
=

(2k+ 19)p+ (15− 2k)q− 2k+ 2s(f )+ 5 if q = p− 1,
(2k+ 19)p+ (15− 2k)q+ 2k+ 2s(f )− 3 if q = p+ 1
=

34p+ 2s(f )− 10 if q = p− 1,
34p+ 2s(f )+ 12 if q = p+ 1.
Case 4:m = 5.
g(H) =

X (k)f (xy)−p +

Y (k)f (x) +

Y (k)f (y)
= 10p+ (9− 2k)q+ 2(f (xy)− p)
+

2(k+ 8)p+ 10q− 2k+ 2f (x)+ 2f (y)+ 6 if q = p− 1,
2(k+ 8)p+ 10q+ 2k+ 2f (x)+ 2f (y)− 4 if q = p+ 1
=

(2k+ 24)p+ (19− 2k)q− 2k+ 2s(f )+ 6 if q = p− 1,
(2k+ 24)p+ (19− 2k)q+ 2k+ 2s(f )− 4 if q = p+ 1
=

43p+ 2s(f )− 13 if q = p− 1,
43p+ 2s(f )+ 15 if q = p+ 1. 
By Theorem 1, we have the following.
Corollary 1. Let G be a C4-free super edge-magic (p, q)-graph with the minimum degree at least one. If p or q is odd, then P2×G
is C4-supermagic.
We remark that there are some C4-free super edge-magic graphsH such that both |V (H)| and |E(H)| are even, and P2×H
is not C4-supermagic. The corona of two graphs G and H , written as G ◦ H , is the graph obtained by taking one copy of G and
|V (G)| copies of H , and then joining the ith vertex of G to every vertex in the ith copy of H .
Proposition 1. Let m be an integer and let n ≥ 3 be an odd integer. Let H = Cn ◦ Km.
(i) If m is even, then P2 × H is C4-supermagic.
(ii) If m is odd, then P2 × H is not C4-supermagic.
Proof. Note that |V (H)| = |E(H)| = n(m+ 1). Figueroa-Centeno et al. [3] proved that H is super edge-magic. Therefore by
Theorem 1, we obtain Proposition 1(i).
Next we show Proposition 1(ii). By way of contradiction, we assume that P2 × H is C4-supermagic when m is odd. Let f
be a C4-supermagic labeling of P2 × H with the supermagic sum s(f ). We can verify that P2 × H has n(m+ 1) 4-cycles and
each vertex and edge of P2 × H is present in either 1 orm+ 2 different 4-cycles. Hence, there is an integer t such that
n(m+ 1)s(f ) =

v∈V (P2×H)
f (v)+

e∈V (P2×H)
f (e)+ (m+ 1)t
= 1
2
· 5n(m+ 1)(5n(m+ 1)+ 1)+ (m+ 1)t.
Therefore by the above equality, and bothm and n are odd, we get 0 ≡ 12 (m+ 1)(mod m+ 1), which is a contradiction. 
170 T. Kojima / Discrete Mathematics 313 (2013) 164–173
Moreover from Theorem 1, we obtain the following.
Corollary 2. Let G be a super edge-magic tree with q edges. Let m ≥ 2 be an integer. If q is odd or m ≤ 5, then Pm × G is
C4-supermagic.
Note that Enomoto et al. [1] conjectured that every tree is super edge-magic. Lee and Shan [7] checked this conjecture
for trees with up to 17 vertices.
4. Cartesian product of paths and some special classes of graphs
Let G be a graph. For two vertices x, y ∈ V (G), let dG(x, y) denote the distance between x and y in G, and let d(G) denote
the diameter of G. Let degG(x) denote the degree of a vertex x in G. Let A be a subset of integers and let b be an integer. We
write A < b and b < A if a < b and b < a for all a ∈ A, respectively.
A caterpillar is a tree in which the removal of all vertices of degree one results in a path. We show that the Cartesian
product of paths and caterpillars or cycles are C4-supermagic.
Theorem 2. Let m and n be two positive integers.
(i) Let G be a caterpillar. Then Pm × G is C4-supermagic for m ≥ 2.
(ii) The generalized prism Pm × Cn is C4-supermagic for m ≥ 2 and n ≥ 3.
We remark that Theorem 2(i) solves an open problem in [10].
Proof of Theorem 2(i). Let G be a caterpillar with q edges. A caterpillar G is super edge-magic [6]. Hence by Theorem 1(i),
the graph Pm × G is C4-supermagic when q is odd.
Suppose q is even. Let G1,G2 be two connected subgraphs of G such that |V (G1)∩ V (G2)| = 1 and |E(G1)| = |E(G2)| = q2
(for example see Fig. 2). Let x be the common vertex of G1 and G2. Let u ∈ V (G1) and v ∈ V (G2) such that dG(u, v) = d(G).
Note that degG(x) ≥ 2 and degG(u), degG(v) = 1. Letw be the adjacent vertex of v. We remark that dG(u, w) = dG(u, v)−1.
If dG(u, v) is even, then let v′ = v; otherwise, i.e., if dG(u, v) is odd, then let v′ = w. Then G′ = G + uv′ consists of
one odd cycle with pendant vertices which are degree one vertices. Let x1 = x, x2, . . . , xa = u, xa+1 = v′, . . . , x2b+1 be
vertices on the odd cycle of G′ such that xixi+1 ∈ E(G′) for i = 1, 2, . . . , 2b, x2b+1x1 ∈ E(G′), x1, x2, . . . , xa ∈ V (G1), and
xa+1, xa+2, . . . , x2b+1, x1 ∈ V (G2). Let PG′(xi) be the set of pendant vertices of G′ adjacent to xi for i = 1, 2, . . . , 2b + 1.
Moreover, let PGj(x1) = PG′(x1)∩ V (Gj) for j = 1, 2. We consider a bijection f from V (G′) to {1, 2, . . . , q+ 1} satisfying that
f (PG1(x1)) < f (x2) < f (PG′(x3)) < f (x4) < f (PG′(x5)) < · · ·
· · · < f (x2b) < f (PG′(x2b+1)) < f (x1) < f (PG′(x2)) < f (x3) < · · ·
· · · < f (PG′(x2b)) < f (x2b+1) < f (PG2(x1)).
Then there is an integer s such that {f (y)+ f (z) : yz ∈ E(G′)} = [s, s+ q] and f (u)+ f (v′) = s+ q2 . Hence, we have
{f (y)+ f (z) : yz ∈ E(G)} =

s, s+ q
2
− 1

s+ q
2
+ 1, s+ q

.
Without loss of generality, we may assume that for every edge ei = yizi of G,
f (yi)+ f (zi) =
s+ i− 1 if 1 ≤ i ≤
q
2
,
s+ i if q
2
+ 1 ≤ i ≤ q.
Furthermore let
Ti =


q− 2i+ 2, 3q
2
+ i

if 1 ≤ i ≤ q
2
,
2q− 2i+ 1, q
2
+ i

if
q
2
+ 1 ≤ i ≤ q.
Then {Ti : 1 ≤ i ≤ q} is a well-distributed q-equipartition of [1, 2q] and for every edge ei = yizi of G,
f (yi)+ f (zi)+

Ti = 5q2 + s+ 1
is constant. Therefore by Lemma 2, we obtain Theorem 2(i) when q is even. 
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Fig. 2. An example of proof of Theorem 2(i).
Proof of Theorem 2(ii). By Theorem 1(i) with odd cycles are super edge-magic [1], Theorem 2(ii) is true when n is odd.
Suppose n is even. Let V (Cn) = {xi : 1 ≤ i ≤ n} and E(Cn) = {xixi+1 : 1 ≤ i ≤ n − 1} ∪ {xnx1}. We define a bijection f
from V (Cn) to {1, 2, . . . , n} as follows:
f (xi) =

i+ 1
2
if i is odd,
n+ i
2
if i is even.
Then we have
f (xi)+ f (xi+1) = n2 + i+ 1 for 1 ≤ i ≤ n− 1, and
f (xn)+ f (x1) = n+ 1.
Let
ei =

xixi+1 if 1 ≤ i ≤ n2 ,
xnx1 if i = n2 + 1,
xi−1xi if
n
2
+ 2 ≤ i ≤ n.
Then, for every edge ei = uivi of Cn,
f (ui)+ f (vi) =

n
2
+ i+ 1 if 1 ≤ i ≤ n
2
,
n
2
+ i if n
2
+ 1 ≤ i ≤ n.
Moreover, let
Ti =

n
2
+ i, 2n− 2i+ 1

if 1 ≤ i ≤ n
2
,
i− n
2
, 3n− 2i+ 2

if
n
2
+ 1 ≤ i ≤ n.
Then {Ti : 1 ≤ i ≤ n} is a well-distributed n-equipartition of [1, 2n] and for every edge ei = uivi of Cn,
f (ui)+ f (vi)+

Ti = 3n+ 2
is constant. Therefore by Lemma 2, we obtain Theorem 2(ii) when n ≠ 4.
Next we show Pm × C4 = C4 × Pm is C4-supermagic. Let G = C4 × Pm with V (G) = {vi,j : 1 ≤ i ≤ 4 and 1 ≤ j ≤ m} and
E(G) = {v1,jv2,j, v1,jv3,j, v2,jv4,j, v3,jv4,j : 1 ≤ j ≤ m} ∪ {vi,jvi,j+1 : 1 ≤ i ≤ 4 and 1 ≤ j ≤ m − 1}. We define a bijection f
from V (G) ∪ E(G) to [1, 12m− 4] as follows:
f (vi,j) =
i+ 4j− 4 if 1 ≤ i ≤ 4 and (j is even or j = 1),
i+ 4j− 3 if i = 1, 3 and j is odd with j ≠ 1,
i+ 4j− 5 if i = 2, 4 and j is odd with j ≠ 1,
f (v1,jv2,j) =

12m− 4j if j is odd,
8m− 4j+ 4 if j is even,
f (v1,jv3,j) =
8m− 1 if j = 1,
8m− 4j+ 1 if j is odd with j ≠ 1,
12m− 4j if j is even,
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f (v2,jv4,j) =
8m− 2 if j = 1,
8m− 4j+ 4 if j is odd with j ≠ 1,
12m− 4j− 3 if j is even,
f (v3,jv4,j) =

12m− 4j− 3 if j is odd,
8m− 4j+ 1 if j is even,
f (vi,jvi,j+1) =

8m− 4j− 1 if i = 1 and 1 ≤ j ≤ m− 1,
12m− 4j− 1 if i = 2 and 1 ≤ j ≤ m− 1,
12m− 4j− 2 if i = 3 and 1 ≤ j ≤ m− 1,
8m− 4j− 2 if i = 4 and 1 ≤ j ≤ m− 1.
Fig. 1 illustrates a bijection f when m = 3. Then f is a C4-supermagic labeling of G = C4 × Pm with supermagic sum
s(f ) = 40m− 4. 
Next we consider C4-supermagic labelings of the Cartesian product of paths and the disjoint union of two copies of a
C4-free super edge-magic bipartite (p, p− 1)-graph which satisfy a few conditions.
Theorem 3. Let G be a C4-free super edge-magic bipartite (p, p− 1)-graph with the minimum degree at least one. Let U and V
be two partite sets of G with α = |U| and β = |V |. Let m ≥ 2 be an integer. If there exists a super edge-magic labeling f of G
such that f (U) = {1, 2, . . . , α}, then Pm × (2G) is C4-supermagic.
Proof. Let 2G = G1 ∪ G2 where G1 and G2 are two disjoint copies of G. For each vertex x ∈ V (G), let xi ∈ V (Gi) denote
to the corresponding vertex in the copy of G for i = 1, 2. By f is a super edge-magic labeling of G with p − 1 edges,
S = {f (u) + f (v) : uv ∈ E(G)} consists of p − 1 consecutive integers. Let a = min(S). Then S = [a, a + p − 2]. We
define a bijection g from V (2G) to {1, 2, . . . , 2p} as follows:
g(xi) =

f (x) if i = 1 and x ∈ U,
f (x)+ α if i = 1 and x ∈ V ,
f (x)+ α if i = 2 and x ∈ U,
f (x)+ p if i = 2 and x ∈ V .
Then we can verify that
{g(u)+ g(v) : uv ∈ E(2G)} =

i=1,2
{g(ui)+ g(vi) : uivi ∈ E(Gi)}
= [a+ α, a+ α + p− 2] ∪ [a+ α + p, a+ α + 2p− 2].
Let E(2G) = {ej : j = 1, 2, . . . , 2p− 2}. Without loss of generality, we may assume that for every edge ej = xjyj of 2G,
g(xj)+ g(yj) =

a+ α + j− 1 if 1 ≤ j ≤ p− 1,
a+ α + j if p ≤ j ≤ 2p− 2.
Let
Tj =
{p+ j− 1, 4p− 2j− 2} if 1 ≤ j ≤ p− 1,
{−p+ j+ 1, 6p− 2j− 5} if p ≤ j ≤ 2p− 2.
Then {Tj : j = 1, 2, . . . , 2p−2} is a well-distributed (2p−2)-equipartition of [1, 4p−4]. Moreover, for every edge ej = xjyj
of 2G,
g(xj)+ g(yj)+

Tj = a+ α + 5p− 4
is constant. Therefore by Lemma 2, we get Theorem 3. 
Kotzig and Rosa [6] proved that every caterpillar has a super edge-magic labeling satisfying the condition of Theorem 3.
Hence by Theorem 3, we get the following.
Corollary 3. Let G be a caterpillar and let m ≥ 2 be an integer. Then, Pm × (2G) is C4-supermagic.
References
[1] H. Enomoto, A.S. Llado, T. Nakamigawa, G. Ringel, Super edge-magic graphs, SUT J. Math. 34 (1998) 105–109.
[2] R.M. Figueroa-Centeno, R. Ichishima, F.A. Muntaner-Batle, The place of super edge-magic labelings among other classes of labelings, Discrete Math.
231 (2001) 153–168.
[3] R.M. Figueroa-Centeno, R. Ichishima, F.A. Muntaner-Batle, Magical coronations of graphs, Australas. J. Combin. 26 (2002) 199–208.
[4] J.A. Gallian, A dynamic survey of graph labeling, Electronic J. Combinatorics 18 (2011) #DS6.
[5] A. Gutiérrez, A. Lladó, Magic coverings, J. Combin. Math. Combin. Comput. 55 (2005) 43–56.
T. Kojima / Discrete Mathematics 313 (2013) 164–173 173
[6] A. Kotzig, A. Rosa, Magic valuations of finite graphs, Canad. Math. Bull. 13 (1970) 451–461.
[7] S.M. Lee, Q.X. Shan, All trees with at most 17 vertices are super edge-magic, in: 16thMCCCC Conference, Carbondale, University Southern Illinois, Nov.
2002.
[8] A. Lladó, J. Moragas, Cycle-magic graphs, Discrete Math. 307 (2007) 2925–2933.
[9] T.K. Maryati, E.T. Baskoro, A.N.M. Salman, Ph-supermagic labelings of some trees, J. Combin. Math. Combin. Comput. 65 (2008) 197–204.
[10] A.A.G. Ngurah, A.N.M. Salman, L. Susilowati, H-supermagic labelings of graphs, Discrete Math. 310 (2010) 1293–1300.
